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1 Considerations for Integration Theories

1.1 Definition of Lyons’ integral

We are interested in pairs of the form x = (x,X), where x ∈ Cα (i.e. x : [0, 1] → R` is
Hölder of exponent α), and X : [0, T ]2 → R`×` (into the `× ` real matrices) such that

x(s, t) = x(t)− x(s), X(s, t) = X(s, u)X(u, t) + x(s, u)⊗ x(u, t),

which is Chen’s relation. We write

‖x‖α,2α = |x(0)|+ sup
s6=t

|x(t)− x(s)|
|t− s|︸ ︷︷ ︸
[x]α

+ sup
s 6=t

|X(s, t)|
|t− s|2α

.

We write Rα = {x = (x,X) : ‖x‖α,2α < ∞,Chen’s relation holds}. Last time, we proved
the following theorem.

Theorem 1.1. Assume α ∈ (1/3, 1/2]. If x ∈ Rα and F : R` → R` ∈ C2, then∫ t

0
F (x) · dx := lim

|π|→0
π={t0=0<t1<···<tn+1=t}

n∑
i=0

[F (x(ti)) · x(ti, ti+1) +DF (x(ti)) : X(ti, ti+1)]

here if A = [ai,j ] and B = [bi,j ], then A : B :=
∑

i,j ai,jbi,j, exists, and∣∣∣∣∫ t

s
F (x) · dx− (F (x(s)) · x(s, t) +DF (x(s)) : X(s, t))

∣∣∣∣ ≤ c0(α)‖F‖C2‖x‖2α,2α|t− s|3α.

The way to think about X(s, t) is

X(s, t) =

∫ t

s

∫ θ

s
dx(θ′)⊗ dx(θ).
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1.2 Remarks on integration theories

Remark 1.1. Write Rα(x) = {X : (x,X) ∈ Rα}, with α > 1/3. Now if X,X′ ∈ Rα(x),
then W = X′ − X, and

W (s, u) +W (u, t) = W (s, t).

So if W (t) := W (0, t), then we can write W (s, t) = W (t)−W (s). Moreover,

sup
s 6=t

|W (t)−W (s)|
|t− s|2α

<∞.

So W ∈ C2α. Thus, if X0 ∈ Rα(x), then

Rα(x) = {(X0(s, t) +W (t)−W (s) : s, t ∈ [0, T ]) : W ∈ C2α}.

In particular, if α > 1/2, Rα(x) consists of one element.

Remark 1.2. To generalize our theorem, we define the following function space: Given
x ∈ Cα, let G α(x) be the set of pairs (y, ŷ) with the following properties:

• y : [0, T ]→ Rd×`,

• y ∈ Cα (could be Cβ also),

• ŷ : [0, T ]→ Rd×`×`,

• ŷ ∈ Cα,

•
‖(y, ŷ)‖α,2α = [y]α + [ŷ]α + sup

s 6=t

|y(t)− y(s)− ŷ(s) : (x(t)− x(s))|
|t− s|2α

<∞.

For example, if F : R` → R` ∈ C2 and x : [0, T ]→ R`, then (y, ŷ) = (F (x), DF (x)) ∈ G (x).
We call G (x) the Gubinelli class of x.

With an identical proof we can show this: If x = (x,X) ∈ Rα and y = (y, ŷ) ∈ Gα(x),
then ∫ t

0
y · dx := lim

|π|→0
π={t0=0<t1<···<tn+1=t}

[∑
i

y(ti)x(ti, ti+1) + ŷ(ti) : X(ti, ti+1)

]
.

The analogue of the bound in the theorem also holds, provided that ‖F‖C2 is replaced with
‖y‖α,2α.
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Remark 1.3. If α > 1/2, then ∫ t

0
y · dx =:

∫ t

0
y · dx

because in the above limit definition of the integral, the contribution from
∑

i ŷ(ti) :
(ti, ti+1) is 0, so we can drop it. If this is the case, we refer to it as a Young integral.

Remark 1.4. Suppose X0 ∈ Rα(x), and let W ∈ C2α with X(s, t) = X0(s, t)+W (t)−W (s).
Now ∫ t

0
(y, ŷ) · d(x,X) =

∫ t

0
(y, ŷ) · d(x,X0) +

∫ t

0
ŷ : dW︸ ︷︷ ︸

Young integral

.

Remark 1.5. We say x = (x,X) ∈ Rα
g , i.e. x is (weakly) geometric, if

X(s, t) + X∗(s, t) = x(s, t)⊗ x(s, t).

Equivalently, we can say

Xi,j(s, t) + Xj,i(s, t) = xi(s, t)xj(s, t),

where Xi,j =
∫ t
s xi dxj − xi(s)(xj(t) − xj(s)). Hence, if Rα

g (x) = {X : (x,X) ∈ Rα
g }, then

the symmetric part of X is uniquely determined. Hence if X0 ∈ Rα
g , then

Rα
g (x) = {X0(s, t) +W (t)−W (s) : W ∈ C2α,W ∗ = −W}.

Now consider the corresponding integral:∫ t

0
F (x) · d(x,X) =

∫ t

0
F (x) · d(x,X0) +

∫ t

0
DF (x) : dW.

Example 1.1. Take any x = (x,X) ∈ Rα, and pick any 1-periodic function f : [0, 1]→ R`.
If yn(t) = n−1/2f(nt), then y→ 0. Now consider xn = x+yn

n→∞−−−→ x. Then one can show
that the norm is uniformly bounded. Define

Xn = X +

∫ t

s
(yn(θ)− yn(s))⊗ dyn(θ)︸ ︷︷ ︸

classical integral

→ X + (t− s)C,

where C is an antisymmetric matrix.

Remark 1.6. Start from (Rα, ‖ · ‖α,2α). Let us define

C∞ =

{
(x,X) : x ∈ C1,X is defined by X(s, t) =

∫ t

s
(x(θ)− x(s))⊗ dx(θ)

}
,
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where
∫ t
s (x(θ)−x(s))⊗ dx(θ) is a classical integral. Write Rα

sg to be the closure of C∞ with
respect to ‖ · ‖α,2α. It is not hard to see1 Rsg ( Rα

g . This has to do with the fact that Cα
is not topologically separable. In fact, what is the closure of the set of smooth functions
with respect to ‖ · ‖α? The closure is exactly the set of x : [0, T ]→ Rd such that

lim
ε→0

sup
|s−t|<ε
s 6=t

|x(t)− x(s)|
|t− s|α︸ ︷︷ ︸

ψ(ε)

= 0.

1Not my words.
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