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1 Considerations for Integration Theories

1.1 Definition of Lyons’ integral

We are interested in pairs of the form x = (z,X), where 2 € C® (i.e. x:[0,1] — Rl is
Holder of exponent ), and X : [0, 7] — R®** (into the £ x £ real matrices) such that

x(s,t) = x(t) — z(s), X(s,t) = X(s,u)X(u, t) + z(s,u) ® z(u,t),

which is Chen’s relation. We write

|z(t) — x(s)] X(s, 1)

X||a,2a = z(0)| +sup —F——4sup—=—.

llo2e = (0] st [t—s| sAt |t — s[>
[#]a

We write Z% = {x = (2,X) : [|X[|a,20 < 00, Chen’s relation holds}. Last time, we proved
the following theorem.

Theorem 1.1. Assume o € (1/3,1/2]. If x € Z* and F : R = R’ € C?, then
t n
/ F(z) - dx = lim SO[F(@ () - 2t tien) + DF(a(t) - X(t tis1)]
0

|7|—0 —0
r={to=0<t1 <---<tptp1=t} '~

here if A = [a; ;| and B = [b;;], then A: B =}, ;a;;bi;, exists, and

t
/ Fz) - dx = (F(x(s)) - 2(s,t) + DF(2(s)) : X(S,t))' < co(a) || Flez|x[I3 20/t — s>

The way to think about X(s,t) is

X(s, 1) :/:/: dz(0') @ dz(0).



1.2 Remarks on integration theories
Remark 1.1. Write 2%(z) = {X : (z,X) € #°}, with a > 1/3. Now if X, X' € Z*(x),
then W = X’ — X, and

W(s,u) + W(u,t) = Wi(s,t).

So if W(t) := W (0,t), then we can write W(s,t) = W (t) — W(s). Moreover,

(W) = W(s)]

<
s#t ’t - 5‘204 oo

So W € C?*. Thus, if X° € #%(x), then
Z°(x) = {(XO(s,t) + W(t) = W(s) : 5,t €[0,T]) : W € C**}.
In particular, if o > 1/2, Z°(x) consists of one element.

Remark 1.2. To generalize our theorem, we define the following function space: Given
x € C%, let 9%*(x) be the set of pairs (y,y) with the following properties:

y: [0,T] — R,
e y € C* (could be C? also),

y:[0,T] — RO

ye

19 Dlloze = oo+ (3o -+ sup ly(t) = y(s) |f_(85)|é [COREIOIN

For example, if F': R® — Rf € C? and z : [0,T] — R’, then (y,7) = (F(x), DF(x)) € 9 ().
We call ¢(x) the Gubinelli class of z.

With an identical proof we can show this: If x = (2,X) € Z* and y = (y,y) € Ya(z),
then

t
/ y: dx := lim Z Yy tz tu tH—l + y(tl) : X(tiv ti+1)
0

|7|—0
= {to 0<t1 < <tp41= t}

The analogue of the bound in the theorem also holds, provided that || F||¢2 is replaced with
¥ lla20-



Remark 1.3. If a > 1/2, then

t t
/y-dx::/y-dx
0 0

because in the above limit definition of the integral, the contribution from ), 7(¢;) :
(i, ti+1) is 0, so we can drop it. If this is the case, we refer to it as a Young integral.

Remark 1.4. Suppose X € 2°(z), and let W € C** with X(s,t) = X(s,t)+W (t)—W (s).
Now

[ dwn = (@i dex+ [:aw.

Young integral
Remark 1.5. We say x = (z,X) € Zy, i.e. x is (weakly) geometric, if
X(s,t) + X*(s,t) = z(s,t) @ z(s,t).
Equivalently, we can say
Xiji(s,t) +Xji(s,t) = xi(s, t)x;(s, 1),

where X; ; = f; x;drj — xi(s)(x;(t) — x;(s)). Hence, if Zg(z) = {X: (z,X) € Zg'}, then
the symmetric part of X is uniquely determined. Hence if X° € Zg', then

R (x) = {X(s,t) + W(t) = W(s) : W € C** W* = -W}.

Now consider the corresponding integral:

/OtF(:c). d(x,X):/OtF(x). d(ﬂﬁ’XO)Jr/OtDF(x); o

Example 1.1. Take any x = (2,X) € #%, and pick any 1-periodic function f : [0, 1] — R,
n—oo

If y,(t) = n~ /2 f(nt), then y — 0. Now consider x,, = x4+, —— x. Then one can show
that the norm is uniformly bounded. Define

X, =X + / (Un(0) — yn(5)) ® dyn(0) = X + (¢t — 5)C,

classical integral
where C is an antisymmetric matrix.

Remark 1.6. Start from (Z“, || - ||a,2a). Let us define
t
Coo = {(x,X) :x € O, X is defined by X(s,t) = / (x(0) —z(s)) ® d:c(&)} ,
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where fst(x(é) —z(s))® dz(0) is a classical integral. Write Zg, to be the closure of Co with
respect to || - [la,2a- It is not hard to see' Zyy C Z¢'. This has to do with the fact that C*
is not topologically separable. In fact, what is the closure of the set of smooth functions
with respect to || - ||«? The closure is exactly the set of 2 : [0,7] — R? such that

i 2O =2(6)
e=0|sfjce |t —8[®
s#t

=0.

¥(e)

'Not my words.
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